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Introduction

Critical phenomena are one of the important subjects in condensed
matter physics. Many developments about critical phenomena, such as
renormalization group, numerical methods etc. have been done. But,
when the model has a multicritical point, the scaling behaviors become
difficult due to the interference of multiple critical lines. So, conventional
numerical methods are not useful near a multicritical point.

We have studied several multicritical phenomena combining with the
conformal field theory (CFT) and numerical methods (level spectroscopy
etc). And we discuss the relation with the duality, such as the
Kramers-Wannier duality and the Ashkin-Teller self-duality.
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Introduction

Topics about multicritical phenomena:

1.

bifurcation at c=3/2 CFT to the two c=1 CFT lines
(Takhtajan-Babujian)

2. bifurcation of c=1 CFT to the two c=1/2 CFT lines (Ashkin-Teller)
3. crossing of c=1 CFT (TLL) with c=1/2 CFT (Schulz multicritical

point)
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S=1 BLBQ chain with bond-alternation

A. Kitazawa and K. N. : Phys. Rev. B 59,pp.11358 (1999)
1D S=1 Bilinear-Biquadratic model with bond-alternation

L
H= Z (cos&S Sji1+sinf(S;8;:1) ) (1)

Jj=1

1. # = —w/4 and § = 0: Takhtajan-Babujian (TB) point
Bethe Ansatz solvable, massless, c=3/2 Conformal field theory
(CFT) or SU(2) level 2 Wess-Zumino-Witten (WZW) model
2. 0 <—m/4and 6 = 0:
dimer order, two-fold degenerate
3. 0> —m/4:
there are two c=1 CFT critical lines



S=1 BLBQ chain with bond-alternation

Phase diagram of 1D S=1 BLBQ with bond-alternation

1

0.8

0.6

0.4

0.2

& 0
0.2
0.4
0.6
1.5

-1
0.3

FIG. 1. Phase diagram of the 5= 1 spin chains (1). TE point is
f=—mMand §=10 (O], which is the multicritical point Lines in
the region — m/d<#=<arctan| 1/3) are c=1 critical lines. @ is the
extrapolated mumerical data for N=§810,1214,16 systems (Sec.

I11). The line &=06< — #/4 is a pdst-order phase-transtion line. 10
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S=1 BLBQ chain with bond-alternation
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FIG. 3. Level crossing in the system with the twisted boundary
conditions. @ isthe lowest P=T=1 energy E.—E;, and O is the
lowest P=T= —1 energy E,~E, lor the N= 12 systems. We sub-
tract the ground-state energy with the periodic boundary condition.

Figure: energies of TBC

Twisted boundary condition(TBC)

Gr . Gr &y _ QY &z _ &z
S’L+j— Sj,S' = Sj,S’L+j— 7

L+j

A. Kitazawa: J. Phys. A 30, L285 (1997)

(2)



S=1 BLBQ chain with bond-alternation
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FIG. 4. Crossing points for N=8 (), N=12 (@), and N
=16 (O) systems. + s are the extrapolated data, and the solid line
is the interpolated one of it. Dotted lines are (a) Bq. (27) and (b}
&=( 8w+ 0.25) 9%

Figure: TBC crossing lines at various sizes

relevant scaling dimensions: = 3/8 and z =1



S=1 BLBQ chain with bond-alternation
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FIG. 6. Conformal anomay c{N) on the ¢=1 critical line for
N=8 (x), N=10 (@], and N=12 (O) systems, as a function
of (a) & and (b) 6, In (b we also show the line coy— aid
+0.25m)%, in which numerical number ¢y, and o are determined
by data at 6= 0.26e and —0. 24 for c(N=12)

Figure: Effective central charge
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Ashkin-Teller and S=1/2 bond-alternating XXZ chain

M. den Nijs, M. Kohmoto and L. P. Kadanoff: Phys. Rev. B 24 pp. 5229 (1981)
2D classical Ashkin-Teller model

H = (K1S:S; + KoTiTy + K38;:8,T;T5),  (Si =+1,T; = +1) (4)
,J

— 1D quantum Ashkin-Teller model (transfer matrix of the 2D classical
Ashkin-Teller model)

L L
H = (6762, + 7777 + A6367,,7777,,) — D (67 + 77 + A6T77)
J J (5)
(6,7: Pauli matrices)
— S=1/2 bond-alternating chain
L
H =3 (1— (=1)70) (8757, + /84, + AS:55,,)  (6)

j=1



Ashkin-Teller and S=1/2 bond-alternating XXZ chain

S=1/2 bond-alternating chain

L
H=) (1- (stﬁrl + 878 +AS; Sf+1>

j=1

> Berezinskii-Kosterlitz-Thouless (BKT) transition on ¢ = 0 line
» scaling dimensions at 6 = 0, A =1 point: x =2 and z = 1/2

» numerically difficult to caluculate multicritical lines.
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S=1/2 bond-alternating XXZ chain

S. Moriya and K.N.: J.P.S.J. Vol. 89,093001 (2020)
Phase diagram of S=1/2 bond-alternating chain

L
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Fig. 1. Phase diagram in the A5 plane. Dimer l-Dimer2 phase boundary
is the Gaussian univemality and Dimer—MNéel phase boundaries are the 2D
Ising universality. We draw the 20 Isi niversality transition lines by using
the L = 24 numerical result of yTBC—TBC method, noted by + and x.
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S=1/2 bond-alternating XXZ chain

L/2
H = 52 (SQIJ'S%]‘H + Szyjsgjﬂ + AS?ZjSSjH)
j=1
L/2
+ 7 (85,188, + 84,158, + A5, 55) (7)
Jj=1
(8= (1-0)/(1+9))
In A — 00,3 —0,A8 = O(1) limit, the main contribution of the
Hamiltonian is the AS3,; .53, term.

| T2j-1,425) = | 15)

[ Loj—1,T25) = | 1)) (8)
Pertubative Hamiltonian:
L/2 L/2
= BA Z 523523+1 + Z (SQJ 152] + ng 152'yj)
Jj=1 =
L/2 L)2

= BAY 85,85+ 5 O (S84 85085) )
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S=1/2 bond-alternating XXZ chain

A 1

Szival Tig1) = §| i)

A 1
Sziv1l Ljy1) = —§| Viv1)

N 1
S5, 15 = 511%)

- 1
S2j| $;> = —§| ¢;> (10)
and
S’;j 1 j| j+1> | J+1>
S5 -1553 Mi1) = [ 4j41) (11)
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S=1/2 bond-alternating XXZ chain

In summary, the effective Hamiltonian:

L/2
i =" (-BASES . + 87 (12)

j=1

By operating exp(im ) Sj/z) this is equivalent with the Transverse Field
Ising (TFI) model:

L/2
4 _ Q12 qlz L Ql — i
H 5A;< S5 S VSj)» = 33) (13)

(TFI model comes from the transfer matrix of the classical 2D Ising
model).
Note that v = 1 is a critical point with 2D Ising type.
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TFI model, Kramers-Wannier duality and boundary
condition

L/2—1 L/2
H'= =) 8787 = 9555 Zs’ﬁ (14)
j=1

(g = 1:periodic boundary condition (PBC), g = —1:antiperiodic boundary
condition (ABC)).
From duality (using Jordan-Wigner type transformation), one obtain

Eo(L,g=1,U=-1)=FEo(L,g=-1Ul=1)+2(y-1) (15)
Thus one can determine the critical point with the crossing

Eo(L,g=1,UY = -1) = Eo(L,g=-1,UY =1) (16)

16
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1D BA XXZ model and BC
z-axis twisted boundary condition (zTBC):
Sty = =878 = =50, 814, = 5.
y-axis BC (yTBC):
St =-57,5, =987, ,=-5;

+Jj J:

1. PBC,zTBC of the 1D BA XXZ «+ g =1 of the 1D TFI
2. yTBC of the 1D BA XXZ <> g = —1 of the 1D TFlI

Thus, in 1D BA XXZ,
EPPC(M =0,UY = —1) = EY"PY(M = even, UY = 1)
or

ESTBC(M =0,UY=-1) = E(z)/TBC(M = even,UY =1)

(19)

(20)
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1D BA XXZ model and BC

On 6 = 0 we can show
Ei"PY(L,M =0,UY = —1) = E§"PC(L, M =0,U¢ = 1)
Thus, at § = 0 and A =1 (isotropic) point,

ESTBC(M =0,U = -1)= EgTBC(M = even,UY = 1)

(21)

(22)
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S=1/2 bond-alternating XXZ chain

0.1 012

Fig. 2. s of each BC for L = 14, The value of A is fixed at 2.0
and § is changed. O is E5*0M = 0,0 =1}, x is B M= 0,0 =
: EM(M = even, U} = 1). The PBC

= 1) is subtmcted from each energy.

lowest energy E55°(M = 0,

Figure: energies of each BC
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S=1/2 bond-alternating XXZ chain
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Fig. 3 The size dependence of the emssing paint &, of the yTBC-PBC
method {O) and the y TBC-zTBC method (x], {a) in A = 5.0, {b)in & = 2.0,
(edind =11
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Fiociire: Combparicon between vTRC-PRC and vTRC-vTRC
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S=1/2 bond-alternating XXZ chain
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Fig. 4. The size difference of the crossing point 8. L = 24 and 22. O is the
yTBC-PBC method, ¥ is the yTBC—:TBC method.

Figure: Comparison between yTBC-PBC and yTBC-zTBC
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S=1 XXZ with single ion anisotropy
S=1 XXZ + single ion anisotropy chain

H =Y (8987, +5YSY,, + ASiSi,, + D(55)?) (23)

D t4
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FIG. 1. The phase diagram of S=1 XXZ chains with uniaxial
single-ion-type anisotropy. The solid lines and symbols are the tran-
sition lines. The dotted line shows the curve J,= — 1/2|D | expected
from the perturbation calculation for large negative D

W. Chen, K. Hida and C. Sanctuary. : Phys. Rev. B 67,pp.104401 (2003)
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Bosonization by Schulz(1986)

H.J.Schulz: Phys. Rev. B Vol. 34 (1986) pp.6372

1. correlation functions in the XY1 phase

(SFS7,,) = CpLexp(inr)|r|™"
((S1)%(873,)%) = Cualr| ™™
(S25%,,) = C.|r|7? + D, exp(inr) exp(—|r|/€)

(ne=4nand 0 <n <1/4.)
2. correlation functions in the XY2/nTLL phase

(SHS:,,.) = Cyexplinr) exp(—|r|/¢')
((S)2(S;4,)%) = Cualr| ™™

(8587,,) = C.|r|7% 4+ D, exp(imr)|r| ="

(n.=1/n2 and 0 <7z < 1.)



Bosonization by Schulz(1986)

=

XY1-Haldane phase boundary: BKT transition
Haldane-Neel phase boundary: 2D Ising type Universality class
XY2/nTLL-Neel phase boundary: BKT transition

Haldane, Neel, XY1 and XY2/nTLL phases should cross at one point
“Schulz multicritical point”



Hidden SU(2) symmetry in S=1/2 XY spin ladder system

and S=1 XY spin chain

A. Kitazawa, K. Hijii and KN: J. Phys. A, Vol. 36 (2003) L351
» S=1 XY + single ion anisotropy chain

H = JZSI Fo+ S ]+1+DZ (S7)? (30)

» S=1/2 XY quantum spin ladder system

H = Jgq Z(Sfjsfjﬂ + 87 ;ST jo1 92,555 j41 + 95553 j41)
J
+Jdia2( 75241+ 91 595 1 + 55,57 11 + 93,57 41)
J
+ Jrung,wy Z(Sit,j‘sg,j + SZIJ,ng,j) + JTU".‘LZ Z SlZ,jSij (31)
j J

There is a hidden SU(2) symmetry in S=1/2 spin ladder system and S=1
XY chain.
+» BKT transition (in the case of massless)



Hidden SU(2) symmetry

>
1 1
~+ __ +\2 =~z _ z
57 =5(87)7 5= 355
» Commutation relations
=z =+ =+
(57,811 = 0jkSk

(57,31 = 20, k53

(- [(fj)Z, (S]_)Q] = —8(57)° + 4(28% + 25 — 1)S% and
(85)°=S5; (forS=1))
> §ji, 55 satisfy an SU(2) algebra.




Hidden SU(2) symmetry

Although the operator Zj §% commutates with the S=1 XY
Hamiltonian, the operators Zj §Ji do not commutate with Hamiltonian.

» Thus, we do a following nonlocal transformation

1 z 1 z ot 2
sji = i(Si)zUj7 s; = §Sj (=35) (35)
where
i1
Ur=1, U;j=]]1-2(5)%) =exp WZSI (j>1) (36)
=1
» The operators si, s% satisfy an SU(2) algebra.
> One can prove that st = ZJL 1 sj and s# ZJL | §; commutate

with S=1 XY chain with open boundary condltlon
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Hidden SU(2) symmetry

» But S=1 XY model with the periodic boundary condition (PBC)
does not commutate.

» Combining the twisted boundary condition (TBC), one can prove
the hidden SU(2) symmetry in the S=1 XY chain.

J L—-1

H= 9 Z(Sijjrl + Si_sﬁrl)
J

J’ _ T s _ T s
+ 5(5251 exp(q:zgsT) + 8,87 exp(:i:z§ST)) (37)
» The energy for magnetization M = 4n(n: integer) under PBC is

degenerate with that for magnetization M = 4n + 2 under TBC.

» One can also discuss the space inversion and the wave number.
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Universality class of nTLL phase

central charge c=1 conformal field theory(CFT)

05

J;=10J,,=01 [,=05

— 1=810,12|
— L=1012

» Region Ayp <0:c=1
» Region Aar > 0: ¢ <1 and c¢ decreases as size L

Fig. 9 means that the region A 4 < 0 belongs to the c=1 CFT

universality.

Figure: effective central charge
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Universality class of nTLL phase

Numerical results for scaling dimensions.

1.

oD

AE(M =1,q = 7): massive

AE(M =2,q=0),AE(M =4,q = 0): massless

AE(M =4,q=0)/AE(M =2,q=0) =4,

AE(M =0,q = m): massless

Scaling dimensions are consistent with TLL model (one parameter
scaling or TL parameter K).

" \/AEO(L;TBC;mO,Pl) (38)

AFEWL; PBC;m=2,P=1)

TL-parameter K is consitent with the perturbative mapping (S=1/2
XXZ).

H= Z (S7857,, +5Y8Y,, +AS:S2,,), (39)
7r
K=— " 4
arccos(—A) (40)

They are consistent with XY2 phase by Schulz (1986).



Universality class of nTLL phase

1. Exponential quasi-degeneracy between PBC and TBC energies.

Eo(L;TBC;m=0,P=1) — Ey(L; PBC;m =0,P =1)

= Crexp(—L/&) (41)
Ey(L;TBC;m=2,P=1)— Ey(L; PBC;m =2,P =1)

= Cyexp(—L/&) (42)
Ey(L;TBC;m=0,P=—-1)— Ey(L; PBC;m =0,P = —1)

= C3exp(—L/&3) (43)

1.1 numerical calculation.
1.2 perturbative mapping for S=1/2 XXZ chain.

2. The above bebavior is completely different from
A(L;TBC) — A(L; PBC) < 1/L in S=1/2 XXZ chain and S=1
XY1 phases.
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Universality class of nTLL phase:PBC-TBC

Jg=1.07,,=0.1 A=1.0T, =0T =0.5 A, =005

m

2o

Figure: quasi degeneracy between PBC and TBC (nTLL phase),
I'r=0.5Aar =—-0.05

Exponential quasi-degenaracy (Fig. 10semi-log)
Correlation lengths are &, = 1.08, & = 1.13 &5 = 1.12, thus
&1~ & =~ &3

Coefficients are 7 =~ Cy = —(C35 > 0.



Universality class of nTLL phase:PBC-TBC

J=1.00,,=01 A=1.0T , =1.0T =05A, =05

&

Figure: quasi degeneracy between PBC and TBC (Stripe Neel phase),
T'r=05A4r=05

Exponential quasi-degenaracy (Fig. 11lsemi-log)
Correlation lengths are & = 0.89, & = 0.94 &3 = 0.91, thus

§1~ & ~ &3
Coefficients are C7 ~ Cy ~ —C5 > 0.
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Universality class of nTLL phase:PBC-TBC (perturbation)

Phase-factor between PBC-TBC: (—1)? =1
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Summary

1. Takhtajan-Babujian
2. Ashkin-Teller multicritical point

2.1 yTBC-zTBC method
2.2 Now checking universality class etc.
3. Schulz multicritical point

3.1 Both XY1-Haldane and nTLL(XY2)-Neel phase boundaries can be
determined from the level crossing
M=0,P=-1inTBCand M =42, P =0 in PBC
and they are BKT transition.
One can also apply numerically these level cross for the S=1/2 spin

ladder system without rung inversion symmetry.
3.2 Universality class of the nTLL phase

» c=1CFT
> quasi-degeneracy between TBC and PBC.
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Future problem

» XY1-nTLL phase boundary
level cross between

» M=0,gq=minPBCand M =+1,9=m in PBC
» M=1and M =2 in PBC

(tentative)

» Universality class of the Schulz multicritical point.
c=3/2 CFT? not the SU(2) level 2 WZW.

» General spin S7
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